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Abstract

This work concernesthecontrastdifferencetestandits asymptoticproperties
for nonlinearauto-regressive models.Our approachis basedon anapplicationof
theparametricbootstrapmethod.It is a re-samplingmethodbasedon theestimate
parametersof themodels.Theresultingmethodologyis illustratedby simulations
of multilayerperceptronmodels,andanasymptoticjustificationis givenattheend.

1 Non Linear Auto-RegressiveModels

Let ��������� betwo positive integers.A functionalauto-regressive processon 	�
 is a
sequenceof randomvectorsdefinedby:����������������� ��������� ���� �"!$#&%'

(1)

where
%(

is an i.i.d. noisewith mean0 andconstantvariance)$* , andwherefunction�
is known. Theparameter+ belongsto a subset, of 	�- ( .0/21�3 ). Sucha modelis

denotedbelow by 465 � 
 � � ! .
Let 787 � 797 betheEuclideannormon 	�
 .
We definethecontrastprocessassociatedto theleastsquaresby::�;�� + !<� �= ;> @?A� 787 ��CBD���E�F��G��� �������H� ����"� ! 787 * � (2)

andtheleastsquaresestimatorby:I+ ;J�
Arg KML8N�PORQ :�;�� + ! � (3)
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In the sameway, we definethe contrast processassociatedto the Gaussianlog-
likelihoodby:S ; � + !<�UT8VRW<XHY[Z6\ �= ;> @?A� ���  BD� � �F� G��� ��������� � �� � !(!P���  B]� � ��� ���� ��������� � �� � !'!_^a` �

(4)

andthemaximumlikelihoodestimatorby:b+ ; �
Arg K�L8N�PORQ S ; � + ! � (5)

In this paper, wedealwith theasymptoticpropertiesof theestimators
I+ ; and

b+ ; as
well asthetestsof contrastdifferences.

2 Asymptotic Propertiesof the Minimum Contrast Es-
timator

2.1 Consistencyand Asymptotic Normality

In the following, we assumethat the regressionfunction is a function which can be
implementedby a multi-layer perceptron(MLP), with one hiddenlayer, hyperbolic
tangentactivationfunctionsfor thehiddenunitsandonelinearoutputunit.

Besides,weassumethattheprocess
�F���!���cd�c�;

is stationarywith invariantmeasuree . We have thefollowing theorem(seeYao[5]):

Theorem 1 Strong Consistencyand Asymptotic Normality
Assumethat:

1.
��f�(!��g$h

is an i.i.d. sequence,such that i fEjlknm
,

2. + belongsto a compactsubset, in theEuclideanspace	�- of dimension. , such

that + h /Jo, (interior of , ).

3. (IdentifiabilityCondition)For all + differentfrom + h , ����p�q�a�'r
in thesensethat

there exists
bs /�	 � such that

���E�Pbs !tp�����(r��Pbs ! .
4. The uwvxu matrixy h �{z�|$}�~��� +P� � � rE�Pbs !��� +'� � � r��Pbs !�� ��c �_� � c�� e � � bs ! � (6)

is positivedefinite.

Then

(a) Theestimator
I+ ; is stronglyconsistent,that is it almostsurely convergesto + h

when = goesto
# m

.



(b) Theterm � = ~ I+ ;JB + h[� convergesin distributionto themultidimensionalGaus-

siandistribution � �@� � )$* y �A�h !
.

If the noise
f

is assumedto beGaussian,a similar theoremcanbeproved for the
estimator

b+ ; (seeRynkiewicz [3])

2.2 Asymptotic Testof Contrast Differ ence

Let � beanintegerlessthan . . We put � - ��� +J/�,��&	�-'� . A sub-hypothesis��� of� - meansthat + belongsto a subsetof , with parametricdimension� lessthan . .
In thefollowing, , � (resp. ,6- ) is theparameterspaceof dimension� (resp. . ). To

testthehypothesis��� against� - , weusethecontrastdifferencestatistic:�d;J��� =�� :�;$� I+ �; !�B�:�;�� I+ -; !�� �
where

I+ �; �
Arg K�L9N ���[ORQ$��:�;�� + � ! (resp.

I+E-; �
Arg KML8N �P�'O�QA�A:�;�� +E- ! ). Then the

next resultdefinestheasymptoticdistributionof statistic
� ;

usedto testhypothesis� �
againsthypothesis� - :
Proposition 1 Undertheassumptionsof theorem1, underhypothesis��� , wehave� ;��$� �B$  - � �> � ?A��¡ �_¢ *� �
where the ¢ *� are ¢ -square independentvariableswith 1 degreeof freedom,andthe ¡ �
are positivescalars. £
Remark 1 In thescalarcase,¡ �¤� ����� � ¡ - � � �q� )$* andtheteststatisticpossessa¢ -square distributionwith . B � degreesof freedom.

Remark 2 In the maximumlikelihood case,by assumingthat the noiseis Gaussian
andbydefining ¥ ;M� =�� S ;$� b+ �; !�B�S";�� b+ -; !_� �
onehas ¥ ;��C� �Bd  - � �> � ?A� ¢ *� �
which is theclassicalbehaviorof thelikelihoodratio test.



3 Empirical Behavior of the TestStatistics

The goalof this sectionis to studythe asymptoticbehavior of thecontrastdifference
testusinga simulatedexample,with a finite number= of observations.Let usdefinea
MLP

� � r
with threeinputs,two hiddenunitsandoneoutput. This MLP is chosenas

thetruemodel(unknown in thepracticalcase).
We run thefollowing experience:

1. simulate � �R� independentdatabases
�@¦0�@§[!'!���cd¨�cA�Gh�h

with
���(r

and
f�© � �@� � )$* !

( )$* �{� � �Rª ),
2. on eachdatabase,estimatetwo MLP

�¬«� � et
�¬«� � , suchthat

�¬«� � hasthe same
architectureasà

� � r
(with � � ��� parameters)and

�¬«� � hasonehiddenunit more
(and . � �� parameters),

3. computethestatistics
����;��@§P!(!���c�¨�c��(h�h

and
� ¥ ;��@§P!(!���c�¨�c��(h�h

.

The distributionsof the two variables
�*'®R¯ �d; et

¥ ;
would possess,approximately

if = is largeenough,a ¢ -squaredistributionwith . B � �°ª
degreesof freedomsince

hypothesis� � is true.
The histogramsof

�F� ; �_§[!(! ��cd¨�c��(h�h
and

� ¥ ; �_§[!(! ��cd¨�c��(h�h
(Fig.1) show the conver-

genceto the ¢ * ±9²�³ distributionwhen = increases,but theconvergencespeedis veryslow:
we recognizetheshapeof a ¢ * ±8²´³ distributiononly for = � � ���R���R� .

If weusethecontrastdifferencetestasa criterionto choosebetweenthetwo mod-
els, with a size of type I error (level) of

ª�µ
, we reject ��� in ¶ ª�µ of the casesfor= � � ���R� , andin

ªR��µ
of thecasesfor = � � ���R�R� .

In neuralnetworkapplications,we have not alwaysa very large numberof data.
Soapplyingthis methodcanconduceto acceptanover-parameterizedmulti-layerper-
ceptronif we apply the proposition(1) to selectthe goodmodelamongthe different
studiedperceptrons.In thispaper, weproposeto applyare-samplingmethodbasedon
theso-called“parametricbootstrap”to improvetheresults.

4 Parametric Bootstrap

4.1 Methodology

Theparametricbootstrap(Efron [2], Davison[1], White [4]) methodis a re-sampling
methodbasedon theestimatedparametersof themodel.

In fact, it wouldbeidealto beableto usetheempiricaldistributionsof section3 to
determinethecritical regionof our test.However, here,thetrueparameteris unknown.
Sowereplacethistrueparameterby its estimatein amodelcorrespondingto hypothesis� � (null hypothesis).

Let usassumethatwewantto testhypothesis� - againstnull hypothesis� � with aªRµ
level. Thenweapplythefollowing procedure:· estimateparameter+ h in a � -dimensionalmodelandin a . -dimensionalmodel.

Let
I+ � and

I+E- theestimatesthatweget.Wedenoteby
��;

and
¥ ;

theteststatistics
associatedwith theseestimates,



Figure 1: First column: Histogramof variable
����;��@§[!'!���cd¨�cA�(h´h

for = � � �R��� ��= �� ���R��� ��= � � ���R�R��� . Secondcolumn: Histogramof variable
� ¥ ; �@§P!(! ��c�¨�c��(h�h

for the
threeapplications.Last line representsthehistogramfor a directsimulationof a ¢ * ±8²´³
distribution.



· simulate � �R� independentdatabaseshaving thesamesize = astheinitial sample
by usingtheestimate

I+ � and
f�© � �@� � I)$* ! , where

I)$* is theestimatedvariance
associatedto

I+ � ,· oneachdatabase
§
, estimatetwo MLP

�¬«� � ± ¨ ³ and
�¬«� � ± ¨ ³ ,· computethestatistics

����;��@§P!(!���c�¨�c��(h�h
and

� ¥ ;��@§P!(!���c�¨�c��(h�h
,· draw thehistogramsof

�F� ; �_§[!(! ��cd¨�c��(h�h
and

� ¥ ; �_§[!(! ��cd¨�c��(h�h
, anddeterminethe¸ -quantileof

� ;
(resp.

¥ ;
) : ¹»º (resp. ¼�º ), which providesthecritical region

givenby
� ; � ¹»º (resp.

¥ ; � ¼�º ),· if
� ;

(resp.
¥ ;

) belongsto thecritical region,onerejectsthenull hypothesis� � .
The main ideais to replacethe asymptoticdistribution of the teststatisticby the

distributionthatweconstructfrom thebootstrappedsamples.

4.2 Empirical Verification of the Method

Weappliedtheprocedurewhich is describedin theprevioussectionto tenmodelswith
thesamedimension� , but differentparameters.The numberof observationsis fixed,
equalto = � � ���R� andwereplacetheasymptoticdistributionof thecontrastdifference
test (the ¢ * ± - � � ³ distribution) by the empiricaldistribution. The resultsaredisplayed
in table1. If we considerthe level

ª�µ
, we acceptthenull hypothesis( ��� ) for all the

models.Thesizeof typeI erroris well controlled,whatwasnot truewhenweusedthe
theoreticalasymptoticdistribution.

Simulationswith ��� ¹ º ��; ¼ º ¥ ;
sim1 23.86 18.98 23.13 18.57
sim2 22.56 15.51 23.40 16.03
sim3 25.53 8.87 26.33 8.98
sim4 21.76 6.73 22.68 7.12
sim5 22.86 16.62 24.43 17.18
sim6 27.45 11.50 29.06 12.19
sim7 22.52 12.56 23.80 12.91
sim8 22.12 16.47 23.10 16.74
sim9 22.17 12.03 22.52 12.19
sim10 25.54 13.62 24.91 13.30

Table1: ¸ -quantilesandstatisticsof
�d;

and
¥ ;

with ¸ �½ª�µ
andn=1000. For all

cases,weacceptthenull hypothesis� � .



4.3 Power of the Test

In this part,we dealwith the power of the contrastdifferencetestcombinedwith the
parametricbootstrapmethod.

We have to studythebehavior of thismethodwhenthealternative( � - ) is true.We
did exactly thesamecomputationsaspreviously, but this time,theteninitial databases
weresimulatedby usingMLP with an architecturecorrespondingto � - . As in the
previoussection,we simulate10 databases,andapplyto eachof themthere-sampling
methoddescribedin section4.1to estimatethe ¸ -quantiles.

Theresultsarepresentedin Table2. Wecanobservethatfor all thesimulations,we
rejectthenull hypothesis��� , andweselectthetruemodelcorrespondingto � - .

Simulationswith � - ¹»º � ; ¼�º ¥ ;
sim1 22.07 57.70 21.73 58.26
sim2 25.62 48.83 22.89 45.89
sim3 22.34 66.80 22.77 65.92
sim4 25.70 86.40 24.12 79.84
sim5 20.70 48.60 22.35 52.31
sim6 21.82 44.97 23.16 48.02
sim7 23.57 45.33 22.72 45.93
sim8 21.59 83.52 22.58 83.61
sim9 21.59 69.70 22.57 71.62
sim10 23.50 86.34 22.36 81.64

Table2: ¸ -quantilesandstatisticsof
� ;

and
¥ ;

with ¸ �nªRµ
andn=1000.In all cases,

we rejectthenull hypothesis� � .
5 Asymptotic Justification of the Method

Although themainusefulnessof the proposedmethodis that it is moreaccuratethan
the one basedonly on the asymptoticdistribution, it would be more satisfactoryto
verify that thesemethodsarejustifiedwhenthe length = of theobservedseriesgrows
to infinity.

First,we cannoticethat for thelikelihoodratio test,nothingremainsto beproven,
sincethe asymptoticdistribution for this testdoesnot dependon the parameters,but
only on themodeldimensions.

For theleastsquarescase,accordingto proposition(1), onehas:��;M�n� =�� :»;��RI¸ ;¾!�B¿:�;A� I+ ;d!_���C� �Bd  - � �> � ?A�C¡ � ¢ *� �
Moreover, for � � � , weknow thevalues¡ � sincethey areall equalto

� )$* .
So,for eachbasethatwebuild by re-sampling,wehave for all

§
, ��À § ÀÁ� �R�



��;��@§[!��$� �Bd &��I) *; �_§[! - � �> � ?A� ¢ *� �
sincewe usethe estimatevariance

I)$*; insteadof the truevariancefor thesimula-
tions.

However, as
I)$*; �_§[! � � -B$  )$* , astraightforwardapplicationof Slutsky’stheoremgives:��;��_§[! �C� �B$ ¿� ) * - � �> � ?A� ¢ *� �

6 Conclusion

In this paper, we have investigatedtheuseof parametricbootstrapmethodfor contrast
differencetestfor neuralnetworkmodels.We have proventhat this methodimproves
thetestfor 4¬5 � 
 � � ! modelswhenwehave not avery largenumberof datato use.

We note that this justification is no morevaluablefor multidimensionalobserva-
tions,sincein thatcasethe ¡ � dependon theunknown distributionof thestudiedpro-
cess.
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